Monte Carlo simulations are used to derive the phase matrix, effective permittivity, and scattering coefficient for a random medium consisting of densely packed spheres up to 5000 in number. The results include correlated scattering and coherent wave interaction among the scatterers. The Monte Carlo simulations are based on a multiple-scattering formulation of the Foldy-Lax equations. It is shown that the derived phase matrix is in good agreement with dense media radiative transfer theory for copolarized scattering. The depolarization, however, can be substantially larger than conventional theory. Two methods are used to analyze the behavior of the coherent wave to obtain the real part of the effective permittivity. For the small particle case both methods yield values of permittivity that agree with the results of mixing formulas such as the Clausius-Mossoti mixing formula. The phase matrix and scattering coefficient obtained by simulation are used in a second-order radiative transfer model to predict the amount of backscatter from a layer of snow. It is also shown that sticky spheres, which can be used to model metamorphosed snow, produce high levels of copolarized and depolarized backscatter that can exceed the independent scattering model.
To calculate intensities, analytic theory has been applied for the second moment of the field leading to the Bethe-Salpeter equation. A correlated ladder approximation has been applied to the Bethe-Salpeter equation. It has been shown that QCA-CP together with the correlated ladder approximation obeys energy conservation. The two approximations together also lead to the dense media radiative transfer equation (DMRT). In the long wavelength limit, the phase matrix of the dense media radiative transfer equation is of the form of the Rayleigh phase matrix but with different extinction coefficients and albedos from conventional radiative transfer theory of independent scattering. In this paper we employ Monte Carlo simulations to calculate the phase matrix and the effective permittivity using up to 5000 dielectric spheres. Numerical results indicate that the copolarized parts of the phase matrix are in good agreement with those of dense media radiative transfer theory under QCA-CP and the correlated ladder approximation. However, the alepolarized component can be substantially higher. The strong alepolarized return is due to coherent wave interaction among the spheres leading to electrical dipole moments of spheres that are not parallel to the incident electric field. The level of depolarization is still substantially lower than that of the copolarized component. Thus it has little effect in the energy conservation that QCA-CP and the correlated ladder approximation obey.
We Kong, 1981] to determine the amount of scattering from a snow layer overlying a homogeneous halfspace of soil. These results are compared to those obtained using DMRT and the independent scattering assumption. The characteristics of a snow layer can also change because of metamorphic forces [Colbeck, 1982] and affect the microwave response. In previous work [Ding et al., 1994] we introduced the use of a sticky particle pair function which can be used to model the clustering of the snow grains and in the work of Zurk et al. [1995] we presented extinction and absorption coefficient from sticky particles. In this paper we show that the sticky particle model used in a radiative transfer model can match simultaneously the copolarized and depolarized microwave scatter return of snow.
Another attribute of a discrete random medium is its effective permittivity. In this paper we compare the response of the coherent wave with-in the Monte Carlo volume to that of a homogeneous volume to determine the effective permittivity. We also directly obtain the real part of the permittivity by tracking the amplitude and phase of the average internal electric dipole as the coherent wave travels through the medium. The results of the effective permittivity are in good agreement with Clausius-Mossoti.
Radiative Transfer Equation
The transport of radiant energy through a space of randomly distributed spherical particles, as shown in Figure 1 To calculate the radiative transfer parameters, we consider an elemental volume which contains many particles, as shown in Figure 1 . The derivation of the transfer equation is based on radiative energy in and out of the volume element. Note that there is not just one particle in the elemental volume but there are many particles.
In the following sections we discuss three different methods of calculating the extinction coefficients and the phase matrix. The methods are (1) classical scattering assumption, (2) DMRT, and (3) Monte Carlo simulation.
Classical Radiative Transfer
The classical assumption for scattering in a collection of randomly distributed spherical scatterers is that of independent scattering. Under this assumption the particles in the elemental volume scatter and absorb independently. Thus if there are N particles in the elemental volume, the extinction cross section of all the particles is where eye is the extinction cross section of one particle. The extinction coefficient is defined as the extinction cross section per unit volume. Thus if V is the volume of the elemental volume, Similarly, for a single particle the distribution of scattered energy is given by the Stokes matrix rr. Under the independent scattering assumption the phase matrix is the average of the Stokes matrix over the distribution of particles, and for identical particles P(0, •b, 0', •b') -noo'(O, qb, 0', qb'). 
where K" is the imaginary part of the effective 2K" wavenumber and ne --. As noted previously, DMRT follows from QCA-CP and the correlated ladder approximation. In the long wavelength limit the phase matrix of the dense media radiative transfer equation is of the form of the Rayleigh phase matrix but with the scattering coefficient calculated by the above relationships.
Simulation
As an alternative to either the classical model or DMRT, Monte Carlo simulations can be used to directly determine the extinction coefficient, the phase matrix, and the effective permittivity. These are calculated by using a large number of scatterers in the elemental volume and.
taking into account their coherent wave interactions to determine the collective scattering and interaction of the N particles in the elemental volume. Of course, N has to be a large number and convergence with respect to N has to be tested. For example, the extinction coefficient can be calculated by considering the transfer of energy within this volume from the coherent wave into the incoherent wave. The elemental volume must satisfy three criteria. First, the volume must be small enough that the attenuation of energy in the incident wave as it travels through cube is small compared to the incident energy. Second, the volume must be large enough relative to the wavelength so that the phase of the wave varies across the volume and creates random phase 'situations. Finally, the number of scatterers enclosed within the volume must be large enough to represent a random sampling of scatterers. Calculation of the radiative transfer parmeters from Monte Carlo simulation differs from the previous approaches in that the N particle collective behavior is considered [West et al., 1994] . The extinction coefficient from this volume is derived from the N particle cross section per unit volume. The phase matrix is obtained from the N particle bistatic cross section per unit volume. The effective permittivity is determined from calculation of the coherent scattered field. The phase and amplitude from the elemental volume is compared with a homogeneous volume to ascertain the effective permittivity. The details of these calculations are described in the following two sections.
Monte Carlo Simulations
The wave propagation and scattering through a large number of scatterers is computed using an exact formulation based on Maxwell's equations. The advantage of this method is that exact values for the extinction coefficient and phase matrix can be obtained and then compared with those obtained from dense media theory. In this section we discuss how the scattering and absorption coefficients and the phase matrix can be computed from the scattered incoherent fields. We then discuss the case of spherical scatterers, where the formulation of the multiple scattering equations is in terms of vector spherical wave functions, and present the iterative solution technique for the Monte Carlo simulations.
Scattering and Absorption

Coefficients
The scattering and absorption of radiant energy from the incident wave represents transfer of energy from the coherent beam into incoherent power due to the presence of the scatterers. To separate the coherent and incoherent components, the scattered field is averaged to give the and O is the angle between •i and •s.
Configuration for Monte Carlo Simulations for Spherical Scatterers
The configuration for the Monte Carlo simulations is shown in Figure 2 
For an N particle system there are N equations of the form of (23) which must be solved simultaneously. In the iterative approach the initial solution is the response of the scatterer MEDIA PROPERTIES FROM MONTE CARLO SIMULATIONS to the incident field in the absence of other scatterers. Each successive iteration pertains to a higher order of scattering. We continue to iterate (23) until the maximum change in the field coefficients is less than 5%, at which point the solution is considered to have converged. The number of iterations necessary to achieve convergence is a direct indicator of the strength of the multiple scattering between particles and depends on fractional volume, dielectric contrast, and sphere radius.
Coherent Wave Calculations
In the following sections we present calcula- 
where Eint(r) is given by (25) 
Y-es + 2co '
where v0 is the volume of the sphere and Kr is the real part of the effective wavenumber whose calculation will be discussed later.
The incident electric field will cause alignment of the internal dipoles, and this alignment will oscillate with the incident frequency. However, there will also be slight misalignment in each particle's dipole due to the effect of the scattered fields from nearby particles. To isolate random deviations of the dipole moment, the phase dependency of the coherent wave needs to be removed. This will be referred to as "dephas!ng" and can be achieved by multiplication of Pfnt in (26) for sphere j by the phase factor exp(-iKr ß rj). 
Effective Permittivity
The idea of an effective permittivity for a random medium is that if the random medium were replaced by a homogeneous medium that responds to electromagnetic excitation in an identical fashion as the original random medium, the permittivity of the homogeneous medium is said to be the effective permittivity of the random medium. This concept has been explored and utilized extensively in the past. 
Results
In this section we present results from Monte Carlo simulations. Section 5.1 discusses the ture of the phase matrix obtained from simulation and section 5.2 gives some physical understanding of the source of the observed depolarization. Section 5.3 presents the effective permittivity of the random media and comparisons with Clausius-Mossoti and QCA-CP. Section 5.4 presents the backscatter from a layer of snow and comparisons of results of independent scattering, DMRT, and Monte Carlo simulations.
Phase Matrix from Monte Carlo
Simulations
The phase matrix was calculated as given in section 3.2 for spheres with ka -0.2, permittivity es -3.2e0, and a fractional volume of 35%. Values for the scattering coefficients can be found in Table 1 . The independent scattering assumption grossly overestimates the scattering at this fractional volume. QCA-CP predicts scattering rates that are lower than those 
New Depolarization Versus Classical
For a single sphere in the presence of plane wave excitation the dipole moment within the sphere is exactly aligned with the incident polarization, and the scattered field in the scattering plane will not undergo any depolarization. Since in classical radiative transfer theory the phase matrix depends only on single-particle scattering quantities, the phase matrix contains zero depolarization components in the plane of incidence. The reason for this thinking was the belief that the effect of any small misalignment of a sphere's internal dipole (relative to the incident field) due to the presence of scattered fields from surrounding spheres will cancel. This cancella-tion is due to the random, isotropic nature of the relative locations of the spheres, which causes a randomness in the perturbation of the dipole orientation. For the case of a large enough number of spheres the net depolarization was thought to be zero.
A central assumption of this idea is that the wave will continue to add the dipole moments coherently over a large enough distance for this cancellation to occur. If the distance required is large in comparison to the electromagnetic wavelength, the wave will decorrelate and the dipole moments separated by wavelengths apart will not be added coherently. In other words, there is an intrinsic length scale over which coherent addition of dipole radiation is achieved by the electromagnetic wave. If there are enough random, isotropically positioned spheres within this length scale, there will be no depolarization. As outlined in section 4.2, the coherent scattering from the Monte Carlo volume can be used to calculate the effective permittivity of a collection of particles within the volume. This calculation was tested by comparing the coherent field scattering pattern as a function of angle from cubes of lengths s = 1.27, s = 1.39, and s = 1.50  containing 3000, 4000, and 5000 spheres, respectively, of permittivity e = 3.2e0 at 20% fractional volume. Since the size of the Monte Carlo volume varied, the coherent scattering pattern did as well. Scattering from the three cubes was then calculated with the Born approximation and an effective permittivity with the real part ranging between ee• = 1.1 and ee• = 1.35. For all three sized cubes at an effective permittivity of eeff = 1.27 the magnitude of the forward scat-tering peak and the fine structure of the sidelobes agreed well with that obtained from the Monte Carlo simulations. For higher fractional volumes a spherical test volume was used for the Monte Carlo simulations, and the coherent scattering was calculated exactly from the Mie scattering. Figure 8 shows the real part of the effective permittivity as a function of fractional volume. Also shown is the permittivity calculated from the Clausius-Mossoti mixing formula and the quasi-crystalline approximation with coherent potential. It is interesting to note that the Monte Carlo results agree quite well with those obtained from the mixing formula but are slightly below the values predicted by QCA-CP. ...................................... ... . .•.,, .................................... .: ...... •. ........ i",.J. ..... .•, ............... .... .............................. ............. .... ........... ......... ß ...• ......................... ..' ..... i ...................... '.. ........ • .. .................... ß ..................................... is comparable to that from the DMRT model. However, the depolarized backscatter is much greater, particularly at small snow depths such as 10 cm, where it is more than double that predicted by DMRT. This is because the phase matrix from the Monte Carlo simulations has nonzero off-diagonal terms, and thus the depolarization has nonzero first-order as well as second-order contributions. The first-order contribution is linearly dependent on d and will therefore be greatest in comparison to the secondorder when the snow depths are small. In the bottom right plot the backscattering cross sections from the Monte Carlo model are shown when the particles were deposited with a sticking potential of • = 0.01. This scenario could represent snow that has been on the ground long enough for metamorphic forces to cause the grains to become rounded, cluster together, and bond. The effects of this clumping are to increase the effective particle size and thus increase the scattering coei•icient to a value approximately 3 times as large as that predicted under the independent scattering assumption for nonsticky particles [Zurk et al., 1995] . Both the copolarized and alepolarized backscattering from a layer of clustered snow grains are higher than that calculated under the classical model for nonsticky particles. For these very sticky particles the level of the alepolarized backscatter is due mainly to the second-order contributions. The bistatic cross sections computed using the Monte Carlo model show even greater increases in alepolarization relative to conventional theory. Figure 11 shows the bistatic scattering at •)s = 59 ø for spheres with • = 0.2 and the same parameters as the previous plots. The firstorder copolarized return is shown as a dotted curve, the first-order depolarization is shown as a dashed curve, and the second-order depolarization is shown as a dash-dotted curve. The firstorder alepolarization, which would be zero under conventional theory, is 7 dB higher than the second-order at shallow snow depths and reaches -22 dB at depths of 90 cm.
In recent work [
The increased extinction predicted from sticky particles can be used to explain the higher levels seen in backscattering data. snow with grain radius of a -0.56 mm and fractional volume of 20% as a function of incidence angle. The copolarized backscatter (shown as a dotted curve) and the depolarized backscatter (shown as a solid curve) were computed using the extinction coefficient and phase matrix for spheres with • = 0.1.
Discussion and Conclusions
The Monte Carlo simulations provide a valuable tool for testing our understanding of electromagnetic wave propagation through dense media. The simulations take into account correlated scattering and coherent wave interaction. the discrete random medium. These quantities are necessary for solution of the radiative transfer equation. The extinction coefficient from Monte Carlo simulations is significantly lower than that predicted by independent scattering but is comparable with QCA-CP. The copolarized elements of the phase matrix from the Monte Carlo simulations agree with that obtained from DMRT. However, the offdiagonal elements are nonzero but are 2 orders of magnitude smaller than the copolarized energy. The presence of this depolarization is due to the random organization of the spheres, which can give rise to perturbations in the internal dipole alignment. For very low frequencies the random, isotropic arrangement of spheres causes cancella-tion of these deviations. For higher frequencies, since the wave will only add the dipole moments coherently over scales of the order of 1/4 of a wavelength, the depolarization in the scattered field will remain. Application of a radiative transfer model can yield different results, depending on the assumptions used in calculation of the extinction coefficient, phase matrix, and effective permittivity. The independent scattering assumption gives excessively high levels of backscatter because of overestimation of scattering. DMRT gives more realistic scattering coefficients but neglects the first-order depolarization effect. First-order depolarization arises from coherent near-field interaction among the spheres that creates nonalignment of dipole moments. Using the phase matrix and scattering coefficient obtained from Monte Carlo simulations can produce copolarized backscattering that is comparable to QCA-CP but also much higher levels of depolarized backscatter as a result of nonzero contributions from both first-and second-order effects. This combination results in a different snow depth and frequency dependence than indicated by conventional theory. Large increases in both copolarized and depolarized backscatter can be achieved by including the clustered nature of metamorphosed snow in a sticky particle model.
The effective permittivity of snow can be derived from the results of Monte Carlo simulations. The imaginary part of the effective wavenumber is related to the extinction coefficient for the incoherent wave, and the real part corresponds to the phase progression of the coherent wave. The phase information is available both in the coherent scattering from the Monte Carlo volume as well as the oscillation of the internal dipole within the scatterers. The effective permittivity obtained from simulation yields an imaginary part that is in agreement with that predicted by QCA-CP. The real part of the permittivity agrees with that obtained from mixing formulas such as the Clausius-Mossoti formula but is slightly lower than that predicted from QCA-CP.
